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THE EFFECT OF EXTERNAL DAMPING ON THE STABILITY
OF BECK'S COLUMNt

R. H. PLAUT and E. F. INFANTE

Center for Dynamical Systems, Division of Applied Mathematics, Brown University, Rhode Island 02912

Abstract-The stability of a cantilevered column subjected to aconstant follower load in the presence of external
damping is investigated. It is shown that the critical load increases with increasing damping from the value of
20·05 EI/L2 at zero damping to the limiting value of 37'7 EI/L2 for large damping. This behavior is in marked
contrast to that of the internally damped column and also to that ofconservative systems (where external damping
has no effect on the critical load).

The results of this analysis, which are based on a modal approximation, are corroborated by the results
obtained from the study of a standard two-degree-of-freedom model of the continuous column. Further con
firmation is obtained from a computer analysis of the exact frequency equation.

THE EFFECT of damping on the stability of nonconservative systems has been the subject of
much recent interest (see [1] for bibliographical information); damping can have either
a stabilizing or destabilizing effect. The purpose of this note is to analyze Beck's column,
a linear elastic cantilevered column subjected to a constant follower load at its free end,
when external damping of a linear viscous nature is assumed to be present. Leipholz [2]
and Nemat-Nasser, Prasad and Herrmann [3] have shown that the effect of this damping
is not destabilizing. In this note it is shown that the effect is indeed of a stabilizing nature
and the quantitative effects of this stabilization are derived. An interesting qualitative
result which seems to have escaped previous investigators is also obtained: contrary to
what one might expect, the critical load does not become unbounded as the damping
increases.

Consider the cantilevered linear elastic column shown in Fig. 1. The equation of motion
for the lateral displacement W(X, T) is modeled by the partial differential equation

a2 w a4 w a2 w oW
p aT2 + EI ax4 + p ax2 + b aT = 0, 0:::; x :::; L, T:2: O. (1)

(2)T :2: O.

The X -axis lies along the straight equilibrium shape ofthe column, with X = 0 at the built-in
end and X = L at the free end where the constant compressive load P is applied tangential
to the column. The time is denoted by T and p, E, 1 and b are, respectively, the linear density,
Young's modulus, the moment of inertia of the cross-section and the coefficient of linear
viscous external damping. The boundary conditions are given by

W(O T) = aW(O, T) = a
2
W(L, T) = a

3
W(L,T) =

, ax ax2 ax3 0,
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The problem is appropriately nondimensionalized by introduction of the quantities

w
W=

L'

t = I(PL
4

)T.
V EI '

1 13
~ = :2 J(Elp) b,

x
X=

L
(3)

upon which (1), (2) become

a2w 04W 02W oW
"aiT + ox4 + Pox2 + 2~at = 0, o.s: x .s: 1, t 2: 0,

w(O, t) = ow(O, t)
ox t ?; O.

(4)

Consider a solution of the form

w(x, t) = a(t)f(x),

upon which (4) separates into the two equations

d2a da
dt2 + 2~ dt + Xa = 0

and

(5)

(6)

(7)

where A. is a constant. Nontrivial solutions of (7) which satisfy the boundary conditions in
(4) are given by

f(x) = cosh yx - cos I1X + ft(y sin I1X - 11 sinh yx) (8)
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where

y = { - ~ + j (A + :)r,
~ = {~+ j (A +P:)r,

and A satisfies the frequenc y equation

2A cos ~ cosh y + p.J(A) sin ~ sinh y + 2A + pz = 0,
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(9)

(10)

(11 )

(12)

As p increases in value from zero, the two lowest roots A of (12), which are real, approach
each other. According to Beck [4J these two roots merge when p = 20'05; for higher values
of p these roots form a complex conjugate pair which shall be denoted by

A=ex±W (13)

Substitution of (13) into (12) yields a complex equation, and setting the real and imaginary
parts equal to zero leads to two transcendental equations in ex and p. These equations,
not listed here, are extremely complicated and untractable except for the special case
ex ...... 0 which yields

p ...... 37,7, p ...... 191 as ex ...... O. (14)

However, one can easily obtain approximate values for ex and /3 by using a modal approxima
tion. Following Deineko and Leonov [5J the approximate frequency equation

is derived with the use of the assumption

where

Yl(X) = 5 - cos 2nx - 4 cos nx,

3nx nx
yz(x) = 28 - cos 2 - 27 cos 2'

With A = IX ± i/3, (15) yields

ex = 26'67nz - 6'68p,

for p > 20,23,
Recall that the differential equation (6) for a(t) has the solution

a(t) = clent ' + czen2'

where

(16)

(17)

(18)

(19)

(20)
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(23)

(24)

If A. = a ± i{3, then

01.2 = -~ ± J(e - a - i{3) or 01,2 = -~ ±JW - a + i{3). (21)

The column is asymptotically stable (i.e. w(x, t) -+ 0 as t -+ 00) if the real part of each 0
is negative. For 0 of the form in (21), this stability condition is equivalent to the inequality

{32
a > ~- (22)

4~2

(see [2]). The column is unstable (i.e. w(x, t) can become unbounded as t -+ OCJ) if the real
part of at least one Q is positive, that is, if

{32

a < 4e'
The critical load Per is defined such that the column is stable if P < Per and unstable if

P > Per' It follows from (22) and (23) that Per is the minimal solution P of the equation

{32
a = 4~2

where a and f3 are functions of p. With the use of the approximate values of a and f3 given
by (18), the previous equation becomes

Solving for Per gives

P L2

Per == ~I = 5'88n2 + 0'41~2 - J(14'71n4 + 1'55n2e + 0·17~4). (26)

This result is depicted in Fig. 1 (solid line).
A comparison of the approximate expression (26) with the exact critical load may be

easily made lor the extreme cases of zero damping and very large damping. For ~ = 0 the
column is unstable whenever the frequency equation (12) has complex roots, that is,
when P > 20·05. The expression (26) yields Per = 20·23 for ~ -+ 0, a value 1 per cent higher
than the exact critical load. For the case ~ -+ eX), it is seen from (24) that the exact critical
load corresponds to a solution a -+ 0 of the frequency equation (12), and from (14) it
then follows that this load is given by P -+ 37·7. According to stability condition (26),
Per --. 39·4 as ~ --. 00 (see the horizontal dashed line in Fig. 1), so that the approximate
critical load Per is 41 per cent higher than the exact value as ~ --. 00.

From these results, which are summarized in Fig. 1, it is concluded that external damping
has a stabilizing effect on Beck's column. The critical load increases monotonically with
increasing damping but does not become unbounded; in fact the lower and upper bounds
on the critical load are P = 20,05, corresponding to zero damping, and P = 37·7 for very
large damping.

Since these results were obtained by means of an approximate modal analysis, it
seems appropriate to corroborate them through another type of approximation. An often
used model for the cantilevered column is the inverted double pendulum of Fig. 1. This
model and several variants have been recently analyzed by Herrmann and his students.
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The bar lengths are both taken as L12, the masses are 2m and m, and the restoring moments
at the joints are c<Pt and c(<P2 - <PI)' Since it is assumed that the damping is proportional
to the velocity along the double pendulum with proportionality constant b, the linearized
dissipation function is easily computed as D = (bL3/48)(4<bi + 3<b1 <b2 + <b~). The equations
of motion of the model then are obtained, after appropriate linearization, as

3 2" 1 3' (L ) 1 2" 1 3' (PL )
4m~<Pl + 6b~<PI - P2 - 2c <PI + 4m~<P2 + 16b~4>2 + 2 - C <P2 = 0

Assuming a solution of the form <Pi = A~wt and letting

PL
F=-,

2c
bI!

B=--
4J(cm)

(28)

we obtain through a simple application of the Routh-Hurwitz conditions that for stability
it is necessary and sufficient that

iF2 - (¥ + mB2)F + ¥ + hB2 > 0, F < 3,6, F < 3·5 + -izB2, (29)

and from this it immediately follows that the critical load is governed by

Fer = ~{¥ + mB2 - J[(¥ + -M;B2)2 - i(367 + hB2)]}. (30)

At this juncture, it is important to relate the parameters of the model to those of the
continuous column. Clearly m = pL13; the restoring moment proportionality constant c
is determined by the condition that the critical load of the model and of the column be the
same for zero damping, that is, [4,6]

20'05~~ = 2(2'086i:) (31)

which yields c = 4·81 EIIL. Hence, in terms of the variables of the original column, (30)
becomes

(32)

This result is shown in Fig. 1. It is similar both qualitatively and quantitatively to
the result obtained through the modal approximation.

In order to further verify the behavior of the critical load of the cantilevered continuous
column, a computer analysis of the exact frequency equation (12) was carried out for
several values of p. The following values of Ct and pwere obtained:

p 20'06 20·50 21·00 22'00 24·00 26·00 28'00
(J. 121·3 118'4 115·1 108·5 95·25 81·85 68·31
fJ 4'557 32·04 46-48 66·33 93-64 114·1 130·9

p 30·00 32·00 33·00 34·00 35·00 36·00 37·00
(J. 54·62 40·74 33-73 26'66 19·54 12-35 5'090
fJ 145-6 158·7 164·8 170·8 176·5 182-1 187'5
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The stability condition (24) then yields corresponding values of ~ for each p, and the resulting
critical loads are shown by x's in Fig. 1. As expected from the discussion following (26),
these values are from 1 to 4i per cent lower than the critical loads obtained by the modal
approximation.
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A6cTpaKT--V1ccJle.o.yeTcli YCTOH'lIlBOCTb KOHCOJlbHOH KOJlOHHbl. 1l0.o.BepJKeHHOH .o.eHCTBHIO 1l0CTOllHHOH,
cJle.o.lImeH Harpy3KH, npH HaJlH'lHH BHeUlHero .o.eMmlnlpoBaHHlI. nOKa3aHO, 'ITO KpHTH'IeCKali Harpy3Ka
YBeJlH'IaeTCli C pOCTOM .o.eMncllHpOBaHHlI OT 3Ha'leHHlI 20,05 EljL 2

, .o.JllI HyJleBoro .o.eMm!lHpoBaHHlI, .0.0
npe.o.eJlbHOrO 3Ha'leHHlI COCTaBJllIlOll.\ero~37,7 EljL 2 , .o.JllI 3Ha'lHTeJlbHOrO .o.eMm!lHpoBaHHlI. TaKoe
nOBe.o.eHHe pa3HHTCli 3Ha'lHTeJlbHO rIO cpaBHeHHIO C BHyTpeHHblM .o.eMm!lHpoBaHHeM KOJlOHHbl, a TaKJKe
no cpaBHeHHIO C KOHcepBaTHBHblMH CHCTeMaMH 'y KOTOpblX BHelliHee .o.eMIH!lHpoBaHHe He Bbl3blBaeT
HHKaKoro 3cPIjleKTa Ha KpHTH'IecKylO HarpY3KY'.

Pe3YJlbTaTbi 3Toro aHaJlH3a, OCHOBaHHble Ha MO.o.aJlbHOM npH6J1HJKeHHH, nO.o.TBepJK.o.alOTCH pe3YJlbTa
TaMH nOJlY'leHHbIMH npH HCCJle.o.OBaHHH CTaH.o.apTHOH M0.o.eJlH HenpepblBHOH KOJlOHHbl, C .o.BYMlI CTeneHlIMH
CB060.o.bl. ,UaJlbHeHlIIee nO.o.TBepJK.o.eHHe nOJlY'laeTCli H3 aHaJlH3a, npOBe.o.eHHOrO Ha Bbl'lHCJlHTeJlbHOH
MalllHHe, .o.JllI TO'lHOrO ypaBHeHHH '1aCTOTbl.


